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We theoretically investigate dc electron resonant tunneling through an impurity state in a quantum well

assisted by hot acoustical phonons. Numerical results for the tunneling current, obtained by nonequilibrium

Green functions, reflect the hot-phonon-induced change in the spectrum and population of the impurity state.

The induced change of the I-V characteristics has a typical two-peak form, which for larger populations of the

level becomes distorted by increased intralevel phonon emissions. A qualitative agreement with experiments is

obtained. @S0163-1829~98!04224-6#

I. INTRODUCTION

Hot acoustic phonons form a new tool in experimental

investigations of structural and transport properties of low-

dimensional semiconductor systems.1–5 In these studies often
the transfer of a phonon momentum plays a key role, but the
transfer of a phonon energy is sufficient for observations of
the ~equilibrium LO! phonon-assisted resonant tunneling.6

These measurements raised the idea that resonant tunneling
could be used as a generator and detector of hot acoustical
phonons.7 The detection experiments were first realized in
undoped and Si d-doped quantum wells,8,9 where the reso-
nant current occurred through the impurity level in the well.
The hot phonons induce broadening of the resonant I-V . The
subtracted change of the I-V has two peaks, attributed to
assisted tunneling as a result of phonon absorption and emis-
sion, but the large peak separation seemed to contradict the
very small transferred phonon energy.

Here we model this nonlinear system with competing pa-
rameters and describe its dynamics by nonequilibrium Green
functions ~NGF!.10,11 The Kadanoff-Baym transport equa-
tions for electron correlation functions at the impurity are
numerically solved in the presence of dc bias and hot
phonons.12–18 From their solution the nonequilibrium spec-
trum and population of the level are obtained. They enter the
expression for the resonant tunneling current through the im-
purity, which is arranged to a form with clearly separated
injection and relaxation parts @see Eq. ~23!#.

Several limits can be pointed out in the results obtained.
Low energy phonons, with energies smaller than the level
width ~either homogeneous or inhomogeneous!, increase
broadening of the level and the tunneling can be considered
as quasielastic. At higher phonon energies, absorption and
emission satellites form on either side of the level or the
resonances of the well.19 In both frequency regimes two
peaks are also seen in the tunneling current; they are sym-
metrically placed around the resonance, if coupling of the
level to the emitter is weak ~low populations!. For stronger
coupling to the emitter, the level becomes narrowed as the
emitter sweeps up. The increased density of final states en-
hances relaxation of electrons on the level, stimulated by hot
phonons, and destroys the symmetry of the response current.
Studies with monochromatic phonons reveal a cutoff in the
excitation spectrum, due to the confinement of the level in

the well, which is less visible in the response for hot-phonon
excitations. Heating of the contact Fermi seas by the hot
phonons is also investigated and the relevance of our results
for the available experiments is discussed.20

The paper is organized as follows. In Sec. II the model
system is introduced and its parameters are determined. In
Sec. III we derive the nonlinear and linearized transport
equations in the presence of hot phonons. An improved for-
mula for the resonant tunneling current is also obtained here.
In Sec. IV numerical examples are presented and discussed
in detail for several configurations of the system, including
different values of Fermi energy in the emitter and hot-
phonon temperatures.

II. THE MODEL

The model system8 is formed by a double-barrier hetero-
structure with a donor level confined in the well between the
two barriers. The reservoirs are connected via the barriers to
the resonant level, where the electrons are coupled to bulk
acoustic phonons. A sketch of the system is shown in Fig. 1.

This model is described by the following spinless Hamil-
tonian with the electron-phonon interaction:

H5 (
k;a5L ,R

Ek ,ack ,a
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1 (
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gk;a~ck ,a
† d1H. c.!
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Here ck ,a5L ,R
1 (ck ,a5L ,R) and Ek ,a5L ,R are creation ~annihila-

tion! operators and energies for electrons in the left (L) and
right (R) reservoirs, d† ~d! and E0 describe the same for the
level and gk ,a5L ,R are the coupling parameters between the

level and the reservoirs. The operators bq
†(bq) and energies

\vq ~isotropic! describe acoustic phonons coupled by the
interaction matrix elements M (q) to the electrons on the
level. The structure factor F(q) is a square of the donor
wave function transformed in a momentum representation.
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The donor wave function f(r) of a diameter s510 nm
~GaAs! is confined in the z direction of the well of the width
w55 nm and can be approximated as follows:21
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We apply a simple form for the electron-phonon matrix
element22 for a deformation potential and piezoelectric
coupling23 to the phonons

M ~q !5S 1

2rcrystsuqu D
1/2

~Duqu1iM piezo!, \vq5\suqu

~4!

where the parameters used are the density rcryst

55317 kg/m3, the sound velocity s55220 m/s (s trans

53000 m/s), the deformation potential constant D

511 eV, and the piezoelectric constant M piezo

51.2 eV/nm. The numerical results show that for the
present parameters and temperatures used both coupling
mechanisms are approximately of the same strength ~see also
Ref. 24!. In the following we limit for simplicity only to the
deformation potential coupling to LA phonons.

III. NONLINEAR DESCRIPTION

We derive transport equations for electron correlation
functions on the impurity level and relate their solution with
the dc tunneling current.

A. NGF transport equations

The system is described by Green functions G(1,2) time
ordered along a contour in the complex plane25 ~see also the
Appendix!. Reduction to real times of the Dyson equation
for G(1,2) gives a set of Kadanoff-Baym ~KB! equations10

in the integral form26 for the nonequilibrium correlation
functions

G,~v !5Gr~v !S,~v !Ga~v !,

G.~v !5Gr~v !S.~v !Ga~v !. ~5!

These correlation functions have a matrix form

G i , j
, ,.(v), i , j5L ,R ,w ~left, right reservoir, well!. Because

scattering is present only in the well, the analysis can be

limited to the well diagonal elements Gww
, ,.(v)[G, ,.(v).

The nonequilibrium electron propagator Gr(v) on the
level is

Gr~v !5

1

~G0
r !21~v !2Sc

r~v !
,

G0
r ~v !5

1

\v2E02SH
r

2GL
r ~v !2GR
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, ~6!

where G0
r (v) is the free propagator, GL ,R

r (v) are the propa-

gators for the coupling Green functions, and SH
r , Sc

r(v) are

the propagators for the Hartree17 and many-particle self-
energy functions, describing the electron-phonon interaction.
Gr ,a(v) can also be obtained from the nonequilibrium spec-
trum A(v)5G.(v)1G,(v) as in Eqs. ~A5! and ~A6!. The
coupling terms give the homogeneous level broadening

shom'2Im@GL
r ~E0 /\ !1GR

r ~E0 /\ !# , ~7!

which can be strongly dependent on the dc bias.
The nonequilibrium correlation functions S, ,.(v) for

the self-energy in Eq. ~5! are formed by the coupling func-

tions GL ,R
, ,.(v) and the many-particle parts Sc

, ,.(v),

S,~v !5GL
,~v !1GR

,~v !1Sc
,~v !,

S.~v !5GL
.~v !1GR

.~v !1Sc
.~v !. ~8!

The correlation function for the Hartree part is zero SH
, ,.

50, as in electron-electron interactions. The coupling func-
tions GL ,R(v) can be expressed for the Hamiltonian in Eq.

~1! as follows @GL ,R
a (v), GL ,R

. (v) are analogous#:

GL ,R
r ,,~v !5(

k
ugk;L ,Ru2GL ,R

r ,,~k ,v !'ugL ,Ru2(
k

GL ,R
r ,,~k ,v !

5ugL ,Ru2GL ,R
r ,,~v !, ~9!

where GL ,R(v) are the local elements of the Green functions
in the reservoirs. We assume that gk;L ,R depend weakly
on k in the region of the filled emitter band with the Fermi
energy EFL

'1 meV, since the related momentum is much

smaller than the in-plane momentum uncertainty from the

impurity level kFL
5A(2meEFL

)/\'0.053 nm21
!2p/s

'0.6 nm21. Therefore the momentum conservation (k de-
pendence of gk;L ,R) should not restrict much tunneling.

In experiments8 the emitter ~collector! is usually two-
dimensional ~2D! ~3D! electron gas. In a small range of po-
tentials, we can take both as 2D gases with a constant density

of states.27 The correlation functions GL ,R
, ,.(v) then result

from these spectral functions ~densities of states! AL ,R(v) as
follows:

FIG. 1. A scheme of the resonant tunneling system. In equilib-

rium the chemical potentials in the reservoirs coincide, mL5mR

5m0. Under a dc bias they shift with the contact bands equal

amounts but in opposite directions.
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AL ,R~v !5AL ,R
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AL ,R
0

5

2p

E top;L ,R2Ebot;L ,R

,

GL ,R
, ~v !5AL ,R~v !nFD~\v2mL ,R!,
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GL ,R
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Here Ebot;L ,R (E top;L ,R) are the bottom ~top! energies of the
bands in the reservoirs, mL ,R are the chemical potentials,
hold as constant in the reservoirs. Under a dc bias, the con-
tact bands shift by the same amount but in opposite direc-
tions with respect to the equilibrium chemical potential
m050 ~i.e., mL52mR) and the rigid position of the level
E0 ~measured from m0). In equilibrium the bands are located
at Ebot;L521 meV, Ebot;R5250 meV, E top;L ,R5Ebot;L ,R

1200 meV.
We assume that the population f P(v) of the hot LA

phonons varies slowly in time, so that the correlation func-
tions for hot phonons can be written in a quasiequilibrium
form ~A4!,

D,~k ,v !5AP~k ,v ! f P~v !,

D.~k ,v !5AP~k ,v !@11 f P~v !# . ~11!

Here the phonon spectral function AP(k ,v) has the equilib-
rium form for 3D free phonons22 ~with explicit emission and
absorption terms!

AP~q ,v !52p@d~\v2\vq!2d~\v1\vq!#

5
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s
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where uq tu5Aqx
2
1qy

2 is chosen as a new variable. The qua-

sistationary phonon distribution f P(v) is simply modeled by
a weighted function with two Bose-Einstein distributions nBE

for the sample with the temperature T and the beam of hot
phonons with Th ,

f P~v !5

nBE~\v ,T !1nBE~\v ,Th!

2
. ~13!

In more detailed investigations, angular distribution of
phonons4,20 and other effects should be considered.

The Hartree term of the electron self-energy is

SH
r

5E d3q̄

~2p !3
@F~ q̄ !M ~ q̄ !#2Dr~ q̄ ,v50 !E d\v̄

2p
G,~v̄ !,

~14!

where Dr is the phonon propagator. In the present calcula-
tions it can be neglected, since it contributes very little, due
to the small strength of the electron-phonon interaction with
LA phonons g5(q@M (q)/\vq#2. For similar reasons, the
Migdal approximation of the many-particle part of the self-
energy Sc can be used,28,29 which gives the correlation func-
tion

Sc
,~v !5

1

~2p !4
E d\v̄d2q̄ tdq̄z@F~ q̄ !M ~ q̄ !#2

3G,~v2v̄ !D,~ q̄ ,v̄ !
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2p
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q t5~qx ,qy!. ~15!

The effective spectral distribution A(v) results, if Eqs. ~11!
and ~12! are substituted in Eq. ~15! and the integration over
q t is performed similarly as in quantum wires,30
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The expressions ~6!–~16! close the KB equations ~5!.

B. Solution of the KB equations

In a steady state the solution of the KB equations ~5!
G,(v), G.(v) can be formally written in a quasiequilib-
rium form, analogous to that used for phonons in Eq. ~11!,

G,~v !5A~v ! f ~v !, G.~v !5A~v !@12 f ~v !# .
~17!

Any pair of these nonequilibrium functions G,(v),
G.(v), A(v), f (v) gives the complete description of the
system.

In nonequilibrium the distribution function f (v) differs
from the Fermi-Dirac form already in the absence of inter-
actions. In this trivial case it can be immediately written

down when substituting the coupling functions GL ,R
, ,. from

Eq. ~9! into the free KB equations

G0
, ,.~v !5G0

r ~v !@GL
, ,.~v !1GR

, ,.~v !#G0
a~v !. ~18!

The free distribution function f 0(v) results in a simple form

f 0~v !5

GL
,~v !1GR

,~v !

GL
.~v !1GL

,~v !1GR
.~v !1GR

,~v !
, ~19!

which is nonzero practically only in the energy region of the

populated emitter band, where GL
,(v)Þ0.

In the presence of interactions, the two contributions to
S, ,.(v) give a natural separation of the solution into elastic
and inelastic components12,13,16
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Ge
, ,.~v !5Gr~v !@GL

, ,.~v !1GR
, ,.~v !#Ga~v !,

G i
, ,.~v !5Gr~v !Sc

, ,.~v !Ga~v !,
~20!

G, ,.~v !5Ge
, ,.~v !1G i

, ,.~v !.

The free solution G0
, ,.(v) in Eq. ~18! is different from this

elastic solution Ge
, ,.(v), which includes virtual phonon

tunneling processes through the full propagators Gr ,a(v).

The inelastic solution G i
, ,.(v) includes all real phonon

scattering processes.

C. Evaluation of the dc current

The dc current from the left ~right! contact to the impurity
level31 is determined by its nonequilibrium spectrum and
population, A(v) and G,(v)@ f (v)# , as follows:

JL ,R5eE dv̄

2p
ugL ,Ru2@GL ,R

, ~v̄ !A~v̄ !2AL ,R~v̄ !G,~v̄ !# ,

5eE dv̄

2p
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3@nF~\v̄2mL ,R!2 f ~v̄ !# . ~21!

In a steady state this common dc current is also equal to

J5

JL2JR

2
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e

2
E dv̄

2p
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2@GL
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,~v̄ !#G,~v̄ !%.

~22!

Substitution of G,(v) and A(v) by the elastic and inelastic
functions, resulting from Eq. ~20!, gives the elastic and in-
elastic currents Je ,i .

It would be convenient if the second term in Eq. ~22!,
with the level population, was canceled out by a different
choice of coefficients mixing JL ,R . For constant densities of

states and AL
0
5AR

0
5A0 the proper choice gives @collector

population in GR
,(v̄) is neglected#
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Ebot;L

E top;L dv̄

2p
A~v̄ !nFD~\v̄2mL!

1E
Ebot;R

Ebot;L dv̄

2p
A~v̄ ! f ~v̄ !D . ~23!

This expression generalizes transmissivity formulas of the
Landauer type.32–34 In Eq. ~23! the integration is divided into
two regions, where different distributions are transferred
through the level spectrum A(v). In the injection region,
limited by Ebot;L , electrons with the emitter distribution
nFD(\v2mL) are transferred. In the region below Ebot;L ,
relaxed electrons on the level, described by f (v), are trans-
ferred. Therefore the second term is nonzero only in the pres-
ence of interactions, when the emitter distribution is effec-

tively broadened by inelastic scattering below the injection
region. This term and part of the first term in Eq. ~23!, de-
termined by the inelastic part of the spectrum broadening

A i(v)5uGr(v)u2@Sc
,(v)1Sc

.(v)# , contribute to the in-

elastic current J i .

IV. LINEAR phono RESPONSE

Excitation by monochromatic phonons with frequency v0

can give valuable information about the present system. The
response can be obtained from the full KB equations ~5! or
their linearized form with respect to the change of the hot-
phonon distribution ~13!

f P~v !5nBE~\v ,T !1d f ~v0!. ~24!

For small perturbations the approaches are identical. The
nonlinear solution of the KB equations ~5! can be expanded
in a Taylor series in terms of the change d f (v0) as follows:

G,~v !5Gn
,~v !1

dG,~v !

d f ~v0!
d f ~v0!

1

1

2!

d2G,~v !

@d f ~v0!#2
@d f ~v0!#2

1••• , ~25!

where Gn
,(v) is the solution in the presence of the dc bias

but in the absence of d f (v0). The explicit form of the coef-
ficients in Eq. ~25! can be obtained if the functional deriva-
tives are performed term by term directly in the KB equa-
tions ~5!.

For the linear term the following system of equations in a
frequency representation can be obtained @equation for
dG.(v)/d f (v0) is analogous#,

dG,~v !

d f ~v0!
5Gn

r ~v !
dSr~v !

d f ~v0!
Gn

,~v !1Gn
,~v !

dSa~v !

d f ~v0!
Gn

a~v !

1Gn
r ~v !

dS,~v !

d f ~v0!
Gn

a~v !. ~26!

In Eq. ~26! the differential change of Gr(v) was substituted
by

dGr~v !

d f ~v0!
5Gn

r ~v !
dSr~v !

d f ~v0!
Gn

r ~v !. ~27!

The explicit nonvertex terms of a coherent origin are absent
in Eqs. ~26! and ~27! and the Green functions are not explic-
itly shifted with the frequency v0 of the populated phonon
mode as in the coherent field excitation.30

The transport equations ~26! can be closed, if
dS, ,. ,r ,a(v)/d f (v0) are expressed in terms of
dG, ,.(v)/d f (v0). Self-consistent equations conserving
physical laws36 result only if the one-particle approximations
of the self-energy become preserved also in the two-particle
picture with the functional derivative ~see also Ref. 30!. This
means to preserve in dS, ,. ,r ,a(v)/d f (v0) the Hartree term
~14! and the many-particle term in the Migdal approximation
~15!. The linearized Hartree term is
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dSH
r ,a
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5E d3q̄
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@F~ q̄ !M ~ q̄ !#2Dr ,a~ q̄ ,v50 !

3E d\v̄

2p

dG,~v̄ !

d f ~v0!
. ~28!

The linearized many-particle terms for the Migdal self-
energy result as

dSc
,~v !
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5E d\v̄

2p
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,~v2v̄ !
d f ~v̄ !
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1
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5Gn
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1E d\v̄

2p
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dSc
.~v !

d f ~v0!
5Gn

.~v2v0!A~v0!1E d\v̄

2p

dG.~v2v̄ !

d f ~v0!

3A~v̄ !@11nBE~v̄ !# , ~29!

where the propagator terms are related to them by the

relationship30

dSc
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1
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E dv̄

v2v̄6id
S dSc
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1

dSc
,~v̄ !

d f ~v0!
D .

~30!

If these expressions are substituted in Eq. ~26!, the closed

set of linearized transport equations can be obtained in the

form @equation for dG.(v)/d f (v0) is analogous#

dG,~v !

d f ~v0!
5E dv̄

2p
2Re S Gn

r ~v !Gn
,~v !

v2v̄1id

dSH
r
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v2v̄1id
D FAn~v̄2v0!A~v0!

1E d\ v̄̄

2p
S dG,~v̄2 v̄̄ !

d f ~v0!
A~ v̄̄ !nBE~ v̄̄ !1

dG.~v̄2 v̄̄ !

d f ~v0!
A~ v̄̄ !@11nBE~ v̄̄ !# D G

1uGn
r ~v !u2S Gn

,~v2v0!A~v0!1E d\v̄

2p

dG,~v2v̄ !

d f ~v0!
A~v̄ !nBE~v̄ ! D . ~31!

The first term on the right side is the Hartree contribution.

The remaining terms can be divided into terms representing

the nonvertex solution ~terms without functional derivative!
and vertex corrections.

Equations ~31! can substitute a phono Kubo formula, in

analogy to the linearized transport equations in weak electric

fields.30,35 They are valid for interaction strengths going be-

yond the validity regime of the Boltzmann equation. A

phono conductivity can be defined as a current response in-

duced by a unit change of population in a monoenergetic

beam of phonons.5 It can be calculated from the linearized

version of the formula ~22! with the solutions in Eq. ~31!,

dJ

d f ~v0!
5

e

2
E dv̄

2p
H @GL

,~v̄ !2GR
,~v̄ !#

dA~v̄ !

d f ~v0!
2@GL

.~v̄ !

1GL
,~v̄ !2GR

.~v̄ !2GR
,~v̄ !#

dG,~v̄ !

d f ~v0!
J . ~32!

The total monochromatic response results by subtraction of

the solutions of Eq. ~32! for the positive and negative fre-

quencies. For a wider phonon distribution, integration over

the phonon distribution can be performed.

V. NUMERICAL RESULTS AND DISCUSSIONS

Here we present numerical results of the hot-phonon-
induced change in spectra, populations, and currents for the
present tunneling system.

A. Simple approach to the induced spectra

Some predictions about the hot-phonon-induced response
results already from a simplified analysis. Let us limit to the
study of the spectral changes.

1. Single-level system

To understand the hot-phonon-induced change of the
spectrum, consider that the homogeneously broadened spec-
tral function Acold(v) is of the Lorentzian form ~equilibrium
phonons are neglected!

Acold~v !522ImS 1

\v2E01ishom
D ~33!

and the electron population is low nFD→0.
This system is irradiated by a monochromatic phonon

beam of a population d f (v) in Eq. ~24! @d f (v)5D ,v
5v0# . The lowest order of perturbation theory gives the

change of the self-energy
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DSc
r~v !'D~Mv0!2E d\v̄

2p

Acold~v̄2v0!1Acold~v̄1v0!

v2v̄1id
,

~34!

where the hot-phonon emission and absorption processes are
represented by the shifts 6v0. The hot spectral function
Ahot(v) results from Eq. ~33! by the substitution ishom

→ishom2DSc
r(v). At low phonon energies \v0!shom ,

the shifted functions Acold(v6v0) coincide in Eq. ~34!,
which leads only to additional broadening of the Lorentzian
Acold(v) ~as in elastic scattering!. Therefore this transport
regime can be called quasielastic. The maxima of the change
Ahot(v)2Acold(v) appear close to the inflection points of
Acold(v), so that their distance is much larger than the pho-
non energy. For higher phonon energies \v0.shom , the
broadening has a character of satellites in Ahot(v), which
shift linearly with \v0. In experiments8 the separation of the
induced current peaks is much bigger than the phonon en-
ergy, as in the above quasielastic regime, and depends only
slightly on temperature.

2. Many-level system

Similar behavior can be observed if the spectral function
Acold is dominated by the inhomogeneous broadening s inh ,37

originating from different neighborhoods of many impurities
in the system. The level distribution can be represented by a
Gaussian law

f i~E !5

1

s inhA2p
expS 2

~E2E0!2

2s inh
2 D , ~35!

where E0 is the average level energy. Perturbation of this
system of narrow levels by a weak monochromatic phonon
field with the frequency v0 induces a change of the total

spectral function @V5(\v2E0)/s inhA2, V05\v0 /

s inhA2]

Ahot~V !2Acold~V !'
d

s inh
$22exp~2V2!

1exp@2~V2V0!2#

1exp@2~V1V0!2#%, ~36!

where the perturbation strength is again d5D(Mv0)2. The
expression ~36! has two local maxima in the positions
6Vmax .

In Fig. 2 we show the dependence of log10(Vmax) on
log10(V0). For small phonon energies V0,1, only broaden-
ing of the Gaussian peak again takes place, with the maxima
close to its inflection points (Vmax'1.6). Here the emission
~absorption! processes broaden the resonance only below
~above! the main resonance, while for homogeneous broad-
ening above, each of the processes broadens it at both sides,
as V0→0. For larger phonon energies V0.1, satellites are
formed with maxima located at Vmax'V0. In the inset we
show the relative magnitude of the maximum of @Ahot(v)
2Acold(v)#shom /d . For larger phonon energies V0.1, this
maximum is approximately equal to 1, and for energies V0

,1, it sharply falls down. Therefore the sensitivity to exci-
tations is also very small.

B. General approach to the induced spectra

Here we calculate, from the KB equations ~5!, the non-
equilibrium spectra and distributions for some typical model
parameters

1. Single-level system

In realistic structures the emitter band is weakly populated
and the resonant level is comparably strongly coupled to
both leads. This is modeled by EFL

5mL2Ebot;L51 meV

and gL57 meV, gR55 meV, giving in equilibrium
shom'2 meV. Further parameters are E0520 meV, T

51 K and Th51 K ~hot phonons are absent!. In Fig. 3 we
present the spectral A(v) and correlation G,(v) functions

FIG. 2. The dependence of the maximum Vmax on the relative

phonon energy V0. In the inset the difference @Ahot(v)

2Acold(v)#s inh /d is shown as a function of V0. For V0,1, for-

mation of a quasielastic transport regime can be seen.

FIG. 3. The nonequilibrium ~equilibrium! A(v), shown by the

solid ~dotted! lines, and the nonequilibrium G,(v) ~dashed lines!
for the level position E0520 meV and the dc biases mL52mR

518, 20, 22 meV ~top to bottom!. Below the injection windows

~thin vertical dashed lines! A(v) becomes larger and increases pho-

non emissions. The relaxed population in G,(v) copying A(v) is

presented in the insets.
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under dc biases near the resonance mL52mR

518, 20, 22 meV. The pairs of thin vertical dashed lines
show the injection windows determined by Ebot;L and mL .
The solid ~dotted! line represents the nonequilibrium ~equi-
librium, mL5mR) A(v) and the short dashed line the non-
equilibrium G,(v). As the emitter band moves up, its over-
lap with the level decreases and so does the effective
coupling to the level. Therefore the nonequilibrium A(v)
becomes narrower (shom smaller! but larger ~density of
states on the level increases!. Moreover, the level moves
down due to repulsion by the moving bands ~emitter!. The
polaron shift of the level by the Hartree term ~14! and the
many-particle shift38 are negligible here. The electrons in-
jected on the level relax by phonon emissions below the
bottom edge of the emitter band Ebot;L , where the increased
density of states A(v) further accelerates this scattering. In
the insets magnified details of G,(v) reveal this relaxed
electron population on the level, which contributes in the
second term of the current formula ~23!.

Analogous effects become induced by the hot phonons. In
Fig. 4 we show the subtracted functions DA(v) and
DG,(v), calculated for the phonon distribution f P(v) in
Eq. ~13! with Th510 K, T51 K, and Th5T51 K ~no
hot phonons!. Electrons in the leads remain at T51 K and
other parameters are as before. The same lines are used; the
equilibrium (mL5mR)DA(v) and nonequilibrium DG,(v)
are magnified by 4. The two peaks in DA(v) result from the
hot-phonon-induced broadening of A(v), as in the quasielas-
tic regime discussed in the preceding subsection @peaks are
closer for narrower A(v)#. The presence of this regime is
also confirmed by the fact that kBolTh'1 meV,shom'1 –2
meV. The relaxed population below Ebot;L can be again ob-
served in DG,(v). Resolution into components shows that
this part originates by phonon emissions, while the part

above mL is due to phonon absorptions. Their amplitudes are

again determined by the values of A(v). The phonon-

induced signal from spontaneous decay processes is one or-

der of magnitude stronger than that from stimulated pro-

cesses induced by phonons heated by a few degrees K.

2. Many-level system

In Fig. 5 we present also DA(v) ~upper diagram! and

DG,(v) ~lower diagram! for a system with many levels

distributed by Eq. ~35! and the width s inh52, 4, 6 meV

~solid, dashed, and dotted lines!. The other parameters are

gL55 meV, gR57 meV, giving smaller populations of

the level, and mL518 meV. As s inh increases, the separa-

tion between the peaks in DA(v) increases and their ampli-

tude decreases, because contributions to DA(v) from differ-

ent levels ~oscillating in values; see Fig. 4! are shifted and

cancel out. Since the broadening is predominantly inhomo-

geneous (s inh.shom'2 meV), DA(v) does not change

considerably below Ebot;L . The solutions for DG,(v) are

very similar in value, because contributions from individual

levels to DG,(v) are all located around the common injec-

tion window and cancel much less. The decrease of the am-

plitude of DA(v) increases the importance of the relaxation

term with DG,(v)5A(v) D f (v) in the current formula

~23!. Therefore the hot-phonon-induced two-peak structure

from DA(v) becomes substituted in Eq. ~23! by a single-
peak profile of D f (v) @the density of states A(v)# below
Ebot;L .

C. Induced I-V characteristics

We calculate the resonant current and its hot-phonon-
induced change by substituting the above solutions for
A(v), G,(v), and DA(v), DG,(v) in the formula ~23!.

FIG. 4. The hot-phonon-induced nonequilibrium ~equilibrium!
DA(v) and nonequilibrium DG,(v) for the parameters and solu-

tions as in Fig. 3 @equilibrium DA(v) and nonequilibrium

DG,(v) are magnified by 4#. The narrowing of DA(v) below the

injection window is seen, where the population in DG,(v) relaxes

by stimulated emissions.

FIG. 5. The hot-phonon-induced DA(v) ~upper drawing! and

DG,(v) ~lower drawing! calculated for the many-level system and

parameters as in the one-level model (gL55 meV, gR

57 meV, and mL518 meV). The solutions for the width s inh

52, 4, 6 meV are drawn by the solid, dashed, and dotted lines.

DA(v) decreases and widens with s inh , while DG,(v) remains

nearly unchanged.
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1. Single level system

In Fig. 6 we present the I-V characteristics for the solu-
tions in Fig. 3 and the dc bias 10 meV,mL52mR

,30 meV. Two polarities of the dc bias used in
experiments8,20 are simulated here by two sets of coupling
parameters, giving different level populations, gL

57 meV, gR55 meV ~solid line! and gL

55 meV, gR57 meV ~dashed line!. The resonance peak
results when electrons in the narrow populated emitter be-
come injected in the level (EFL

'shom). Both solutions are

shifted down, since the free-level position E0520 meV is
repelled by the moving bands.

In Fig. 7 the hot-phonon-induced current DJ is shown
~solid line! for the solutions in Fig. 4 and coupling in Fig. 6.
In the lower population mostly the first term in Eq. ~23!
contributes to DJ , which reflects the double peak in DA(v)
@equilibrium DA(v) in Fig. 4 could be considered, since

gL,gR#. In the higher population the second ~relaxation!
term in Eq. ~23! modifies the induced current to an asymmet-
ric form with a smaller negative minimum. This deformation
results because the elastic DJe ~thin dot-dashed lines! and
inelastic DJ i ~thin dotted lines! components of the total in-
duced current are shifted. Resolution of DJe ,i into emission
and absorption components clarifies this shift and the differ-
ent size of DJ i in both solutions. First the absorption com-
ponents are shifted about 1 meV down with respect to the
emission ones, because the transport is not fully in the quasi-
elastic regime mentioned at Eq. ~34!. Second, in the higher
population the inelastic emission component is two times
bigger than in the lower population, but the other compo-
nents are the same.

To summarize, we can say that the asymmetry of the in-
duced tunneling current in the higher populated case is a
manifestation of the relaxation term in Eq. ~23!, which is
large due to the following facts.

~1! Stronger emitter coupling gL.gR gives larger level
populations f (v)@G,(v)# , so the relaxation term in Eq. ~23!
can be important.

~2! f (v) reflects in Eq. ~23! only electrons relaxed by
phonon emissions below the injection window ~seen in Fig.
4!.

~3! In this region the density of final states A(v) is rea-
sonably increased ~coupling by gL is absent!, so the emission
processes are stronger.

The enhanced intralevel phonon emissions invalidate
transmissivity approaches, which neglect electron relaxation
during the tunneling. Similar asymmetry of the current re-
sponse has also been observed in experiments.8,9,20

In Fig. 8 we present the induced current for different
emitter populations EFL

51, 2, 4, 8, 16 meV, realized by

shifting the equilibrium value Ebot;L52EFL
. The solid ~thin

dashed! lines correspond to the stronger ~lower! filling of the
level for gL57 meV and gR55 meV (gL55 meV and

FIG. 6. The total I-V characteristics, calculated for the param-

eters in Fig. 3. The current for the higher populated solution is

shifted to lower energies, due to a stronger repulsion by the emitter.

FIG. 7. The current DJ induced by hot phonons (Th

510 K, T51 K) for the parameters in Fig. 6 ~solid lines!. The

elastic ~thin dot-dashed lines! and inelastic ~thin dotted lines! com-

ponents are also presented. The more populated solution is dis-

torted, because of the enhanced emission processes on the level

~shifted and increased inelastic component!.

FIG. 8. The hot-phonon-induced current DJ for the parameters

in Fig. 7 and the Fermi level EFL
51, 2, 4, 8, 16 meV ~successive

curves are displaced by 21 meV). The solid ~thin dashed! lines

correspond to the higher ~lower! populations. For EFL
.2shom

54 meV the negative minimum splits.
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gR57 meV). The amplitude of DJ increases with EFL
up to

the value EFL
'4 meV, where the populated region of the

emitter approximately covers the whole resonance EFL

'2shom and DJ saturates. If EFL
further increases, the nega-

tive peak splits into two minima and the negative flat values
in the midle approach zero.

2. Many-level system

In Fig. 9 the induced current DJ is found for DA(v) in
Fig. 5, with the inhomogeneous broadening s inh

52, 4, 6 meV ~solid, dashed, and dotted lines!. We can see
a transfer from a double to a single ~wider! peak form, due to
the transfer of a dominance from the injection to the relax-
ation term in the formula ~23!, as described in Fig. 5. In the
inset we also show DJ as a function of the coupling gL

53, 5, 7 meV ~solid, dashed, and dotted lines!, s inh

54 meV, and other parameters unchanged. As gL increases,
similar changes are observed ~faster than in Fig. 7, since
s inh.0).

3. Monochromatic phono response

We present the current induced by monochromatic pho-
non excitations. The response is normalized to the increase
of population nnoneq51 in the energy interval 1 meV. Both
the nonlinear ~5! and the linearized methods ~31! give very
close results here.

The current for the single-level model is shown in Fig. 10
for the parameters in Fig. 7, the excitation phonon energy
\v051 –6 meV, and the coupling gL57 meV, gR

55 meV. For low phonon energies \v0→0, the quasielas-
tic regime @discussed at Eq. ~34!# is maintained and the po-
sitions of the positive peaks saturate close to the inflection
points of the resonance ~here each of the two peaks has both
emission and absorption components!. As \v0.shom

52 meV, the system leaves the quasielastic regime and the
two peaks can be solely attributed to phonon absorption ~left
peak! and emission ~right peak!. In this region the positions

of the maxima, denoted by thin dashed lines, shift approxi-
mately linearly with the phonon energy and the amplitudes
of the peaks saturate. The right ~emission! peak increases in
size even at higher \v0 and makes the response very asym-
metric, due to population effects on the level for this cou-
pling gL.gR . As \v0.5 meV, the size of both peaks rap-
idly falls, because a cutoff is imposed on the excitation
energies by the confinement of the level in the quantum well;
i.e., the factor F(q) in Eq. ~3! is approximately localized
within a range uDqzu'2p/w . This gives the limiting excita-
tion energy \v lim'\sDqz54.3 meV @\v lim'6.5 meV, if
all three terms in F(q) are taken into account#.

These results can be compared with Fig. 11, calculated for
the same parameters, but for excitations by the hot-phonon

FIG. 9. The hot-phonon-induced current DJ , calculated for pa-

rameters in Fig. 5 and drawn by the same lines. The change of form

results from the current formula ~23!, where the two-peak structure

in DA is substituted by the resonance form of D f (A). In the inset

the coupling is varied gL53, 5, 7 meV ~solid, dashed, and dotted

lines! for the solution with s inh54 meV.

FIG. 10. The induced current DJ for the single-level model,

monochromatically excited with energies \v051 –6 meV ~curves

are displaced by 1.5 meV). The coupling is gL57 meV, gR

55 meV. The position of the maxima ~thin dashed lines! shifts

linearly with \v0 and their amplitude falls as \v0 grows.

FIG. 11. The induced current DJ excited by hot phonons with

temperature kBTh5\v051 –6 meV. In contrast to Fig. 10, the po-

sitions of the peaks shift very little and the amplitude remains grow-

ing with kBTh5\v0, since only low frequency phonons ~in the tail!
can excite the level.
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distribution ~13! of the temperature equal to the previous
energies kBTh5\v051 –6 meV ~12–70 K!. At low tem-
peratures, the peaks ~thin dashed line! shift slightly as the
phonon energy increases. At high temperatures their position
saturates, because the maximum of f P(v) is located at
higher energies than the cutoff \sDqz and only the low fre-
quency tail of f P(v) falls in this region ~experiments give
similar behavior.8! On the other hand, the population in-
crease with Th , in this low frequency tail, gives the increase
of the response signal in Fig. 11. The amplitude of the peaks

varies as 'Th
2 , similarly as in a simple heating of the elec-

trons in the leads, discussed below.

D. Heating of the electron gas

In the above calculations DJ results only from the hot-
phonon-assisted processes. In experiments electrons in the
leads @ f L ,R(v)# are also heated to some extent by nonequi-
librium phonons. Moreover, measurements performed with-
out the hot-phonon injection20 ~current is subtracted for two
different temperatures of the system! give very similar dif-
ference currents. In this case heating of the leads cannot be
avoided.

To appreciate these effects, we calculate in Fig. 12 the
difference in current resulting from heating of the electrons
in the reservoirs. Here they are heated to Te51.1 K, all
phonons are T51 K, and the other parameters are as in Fig.
7. The solid ~weak dashed! line represents the coupling
gL 5 7 meV, gR 5 5 meV (gL 5 5 meV, gR 5 7 meV).
The response reflects redistribution of electrons in the emit-
ter ~the zero value coincides with the position of the reso-
nance in Fig. 6!, so that its form is different from the
phonon-assisted signal in Fig. 7. For electrons heated only
about 10%, the response amplitude is of the same order as in
Fig. 7, where phonons are heated to 10 K. In the experiments
without hot phonons, the ratio DJ/J is also one to two orders
stronger than the theoretical predictions for the phonon-
assisted signal and rather corresponds to this heating

amplitude.20 On the other hand, the form of the experimental
response agrees well with the phonon-assisted tunneling in
Fig. 7. This means that experiments cannot be explained by
the simple heating.

One possibility for explanation of these differences is to
assume that our model is oversimplified. It can be, for ex-
ample, improved by considering that the planar emitter is
formed by a system of dots, located around each charged
impurity in the well. Their discrete level character could pre-
vent direct heating of the tunneling electrons and can also
increase the strength of the electron-phonon interaction.19

VI. CONCLUSION

We have theoretically studied dc resonant tunneling of
electrons through an impurity level in a quantum well, as-
sisted by heated acoustic phonons coupled to electrons on the
level. The transport was analyzed in terms of the hot-
phonon-induced change in the spectrum and distribution of
electrons on the level, reflected in the tunneling current. The
current formulas have been clearly divided in the injection
and relaxation parts, where the roles of the spectrum and
population of the level are separated.

Several transport regimes have been identified. The in-
duced change in the spectra and currents is given by two
peaks separated by a minimum. For low energy phonons, the
peaks correspond to a phonon-induced level broadening and
the transport can be considered as quasielastic. For high en-
ergy phonons, true satellite peaks are induced in both func-
tions. If the level is more strongly coupled to the emitter,
intralevel phonon emissions are enhanced and the current
response results distorted by the population of the electrons
relaxed below the injection region. This intralevel relaxation
can completely change the induced response, especially in
the presence of inhomogeneous broadening. Our calculations
qualitatively agree with the experimental observations. We
believe that this study improves general understanding of
inelastic processes assisting resonant tunneling.
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APPENDIX

The causal fermion (O5c) or boson (O5A) Green
functions in real times are defined by29 ~Matsubara Green
functions are analogous!

G t~1,2!52

i

\
^T@O~1 !O†~2 !#&, j[~r j ,t j!, ~ j51,2 !.

~A1!

They are related to the correlation functions as follows:

i\G t~1,2!5G.~1,2!5^O~1 !O†~2 !&, t1.t2

7i\G t~1,2!5G,~1,2!5^O†~2 !O~1 !&, t1,t2 ,

~A2!

FIG. 12. The current response DJ induced by heating the elec-

trons in the leads from Te51 K to Te51.1 K ~phonons are at T

51 K). The solid ~weak dashed! line corresponds to gL

57 meV, gR55 meV (gL55 meV, gR57 meV). The so-

lutions have a different symmetry than in Fig. 7 but the response is

much stronger for a small heating of the electrons in the reservoir.
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where the upper ~lower! sign applies to fermions ~bosons!.
The retarded and advanced Green functions are defined by

Gr~1,2!52

i

\
u~122 !@G.~1,2!6G,~1,2!# ,

Ga~1,2!5

i

\
u~221 !@G.~1,2!6G,~1,2!# , ~A3!

where the time step is u(t)50, t,0; u(t)51, t>0.
In steady-state situations a Fourier transform over the dif-

ference of coordinates (r ,t)5(r12r2 ,t12t2) gives fermion
and boson correlation functions10

G,~k ,v !5nF ,B~\v !A~k ,v !,

G.~k ,v !5@17nF ,B~\v !#A~k ,v !, ~A4!

where nF , nB denote the Fermi-Dirac and Bose-Einstein
distributions and the spectral function is defined by

A~k ,v !522Im Gr~k ,v !5G.~k ,v !6G,~k ,v !.
~A5!

The retarded Green function can be calculated from the
spectral function ~A5! by the Hilbert transform

Gr~k ,v !5E
2`

` dv̄

2p

A~k ,v̄ !

v2v̄1id
. ~A6!

Similar formulas can be applied also for the self-energy.
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